
 

ISSN 0021-3640, JETP Letters, 2008, Vol. 88, No. 8, pp. 487–491. © Pleiades Publishing, Ltd., 2008.
Original Russian Text © A.Yu. Okulov, 2008, published in Pis’ma v Zhurnal Éksperimental’no

 

œ

 

 i Teoretichesko

 

œ

 

 Fiziki, 2008, Vol. 88, No. 8, pp. 561–566.

 

487

 

The phenomenon of phase conjugation by a Man-
delstam–Brillouin nonlinearity has been discovered for
a speckle optical field [1, 2]. Optical radiation
described by the field 

 

E

 

p

 

(

 

z

 

, 

 

r

 

, 

 

t

 

) propagated through a
transparent dielectric plate with random phase irregu-
larities whose spatial scales were slightly greater than
the wavelength [3] excited the counterpropagating
phase-conjugated Stokes wave in a lossless-dielectric
multimode optical waveguide. It is known than the
propagation of the phase-conjugated wave 

 

E

 

s

 

 = 
imitates the “time reversal” of the initial pump wave 

 

E

 

p

 

.
Since the wavenumbers 
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 of the
initial and phase-conjugate wave, respectively, differ
only by about 10

 

–5

 

 [4], the amplitudes and phases of 

 

E

 

p

 

and 

 

E

 

s

 

 are identical in any plane perpendicular to the
propagation direction (

 

z

 

 axis).

A surprising feature of this phenomenon is a radical
improvement of the phase-conjugation fidelity, i.e., a
significant increase in the correlation coefficient 

 

H

 

(

 

z

 

)
[1] between the incident 

 

E

 

p

 

 and reflected 

 

E

 

s

 

 waves,
given by the formula

(1)

if the incident laser beam passed through a random
phase plate. On the contrary, the phase conjugation
fidelity turned out to be much lower for beams with
smooth transverse amplitude and phase distributions,
e.g., zero-order Gaussian beams. In this case, a signifi-
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cant fraction of the reflected light scatters into the
higher-order modes [3]. A similar decrease in the con-
jugated-wave relative fraction was observed in the case
of the phase conjugation of isolated lower-order Gaus-
sian beams with a phase singularity, i.e., the first-order
Laguerre–Gaussian beams [5]. It is known that the
phase singularity is a specific wavefront point at which
the phase is indeterminate. The wavefront has the form
of a spiral staircase in the proximity of such a singular
point [6]. A Laguerre–Gaussian beam is described by
the well-known elementary solution of the scalar wave
equation in a linear medium for the fixed polarization
state (e.g., linear or circular) [7, 8]. The form of this
solution is identical to the eigenfunction of the first
excited state of a two-dimensional quantum harmonic
oscillator in an axially symmetric parabolic potential
[9]. In the cylindrical coordinates (

 

z

 

, 

 

r

 

, 

 

φ

 

), where 

 

z

 

 is the
propagation direction, we have

(2)

where  are the amplitudes of the pump (p) and
Stokes (s) scattered counterpropagating waves, 
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 are their carrier frequencies and wavenum-
bers, respectively, 
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 = 0, 

 

±

 

1, 

 

±

 

2, … is the azimuthal
quantum number or Laguerre–Gaussian topological
charge, and 

 

D

 

 is the beam diameter. The periodicity 
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It is shown theoretically that the phase conjugation of a speckle optical field in a Mandelstam–Brillouin mirror
is accompanied by the excitation of helical hypersonic waves with a step equal to one-half of the optical wave-
length. The excitation of these waves violates the initial isotropy of the dielectric medium. The predicted effect
admits clear physical interpretation based on the angular momentum conservation. The angular momentum
transfer from the light to the medium occurs in the vicinity of an optical singularity (optical vortex line) due to
reversal of the light orbital angular momentum by the phase-conjugation mirror. The excitation of hypersonic
waves transferring the angular momentum is the necessary condition for the reversal of the angular momentum
of the reflected light.
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with respect to the azimuthal angle 

 

φ

 

 results in the
quantization of the angular momentum transferred by
optical photons [10].

It is shown in [8] that the inclusion of the counter-
propagating-wave interference provides significantly
deeper insight into the phase-conjugation physical
mechanism. The interference pattern (the radiation
intensity distribution) in the vicinity of a phase singu-
larity is formed by the superposition of two counter-
propagating waves and has the form of a right- or left-
handed double helix for a wavefront with right- or left-
handed dislocation, respectively:

(3)

Equation (3) shows that the spatial profile of the helical
structure is given by the self-similar variable (

 

ω

 

p

 

 – 

 

ω

 

s

 

)

 

t

 

 –
(

 

k

 

p

 

 + 

 

k

 

s

 

)

 

z

 

 + 2

 

l

 

φ

 

, where the first two terms describe a
moving Bragg lattice providing for the Doppler fre-
quency shift 
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 of the reflected radia-
tion [1, 2] (
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 is the speed of sound). The third term 2
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appearing due to the phase conjugation is responsible
for the helical-structure formation. The sign of the
quantum number (topological charge) 

 

l

 

 determines the
helix hand. The positive and negative 

 

l

 

 values corre-
spond to the right- and left-handed helices, respec-
tively. Moreover, owing to the difference between the
pump- and conjugated-wave frequencies, the helical
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interference pattern is nonstationary and rotates around
the phase dislocation with a frequency equal to the dif-
ference between the incident- and conjugated-wave fre-
quencies, i.e., hypersonic frequency Ωac = ωp – ωs. In
the case of frequency down-conversion when phase
conjugation starts from spontaneous noise, the interfer-
ence pattern rotates clockwise around any vortex line.
On the contrary, in the case of anti-Stokes frequency
conversion by, e.g., reflection from a four-wave stimu-
lated Mandelstam–Brillouin scattering mirror, the
interference pattern rotates counterclockwise. The
complex amplitude of the scalar hypersonic field Qac
for the stationary stimulated Mandelstam–Brillouin
scattering is given by the known formula [1, 8]

(4)

Using this formula, it is easy to find the hypersound
amplitude and phase distributions in any z plane (Fig. 1)
if the distributions of the pump wave Ep and the Stokes
wave Es are known. The Stokes wave is the phase-con-
jugated pump wave  in the case of perfect phase
conjugation. Hence, according to Eq. (4), the amplitude
and phase distributions of the hypersonic field Qac can
be found by taking the square of the pump-field distri-
bution. It is known from [11] that the numbers of right-
and left-handed wavefront dislocations in a speckle
field are equal with high accuracy. This corresponds to
the current generally adopted view of turbulence as a
chaotic ensemble of “vortex–antivortex” pairs (Fig. 1)
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Fig. 1. Phase dislocations of (a) optical Arg[Ep(x, y, z)] and (b) acoustic Arg[Q(x, y, z)] fields in the volume of a Mandelstam–Bril-
louin mirror. The grey scale corresponds to various values of the phase in the range from (black) 0 to (white) 2π. The grey circles
mark two vortex–antivortex pairs, i.e., indeterminate-phase singular points. The single-arrowed circles (unit topological charge) cor-
respond to the optical vortices. The acoustic-vortex topological charge is doubled (two-arrowed circle) because the orbital angular
momentum is transferred to the medium. The phase changes by ±2π and ±4π along a closed path enclosing statistically typical (most
frequently observed) optical and acoustic singularities, respectively. Optical- and acoustic-vortex locations are identical. The sizes
along the x and y axes are 100 µm. The pictures correspond to the z planes in which the correlation coefficient H(z) is close to unity.
This is possible if z is small and the stimulated Mandelstam–Brillouin scattering mirror has a reflection coefficient of about 0.1
(weak saturation), i.e., near the output window of the stimulated Mandelstam–Brillouin scattering cell.
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connected by domain walls. According to the theory of
electromagnetic-field helical dislocations [6], the tur-
bulent-field vortex lines are not rectilinear, in contrast
to the generation of spatially periodic vortex lattices
with intermittent velocity-circulation values in an opti-
cal cavity [7, 12–14]. Numerical simulations show that
the vortex lines of a speckle field form a set of inter-
laced “snaky” trajectories (specklons) [1]. Viewing the
interference pattern along the z axis by distances
exceeding the Fresnel length LR ≈ kpD2 reveals the con-
tinuous creation and annihilation of vortex–antivortex
pairs. At the same time, the Cauchy problem for the
parabolic equation describing the propagation of the
pump wave Ep along the z axis under the initial condi-
tion in the form of a multimode random process at z =
0 (speckle field) can be solved analytically in the unde-
pleted-pump approximation [15]:

(5)

Here,  are random numbers in the interval [0, π],

 are the real amplitudes, px and py are the maxi-
mum transverse sizes in the (x, y) plane, r = (x, y) = (r,
φ), and jx and jy are integers numbering random-phase
plane waves. In this case, the amplitude and phase dis-
tribution of Ep for any z value has the form [12]

(6)

The zero-amplitude singular points in the (x, y) plane
are also the centers of helical phase dislocation [1, 6],
as shown in Fig. 1a corresponding to Eq. (6) with the
number of the spatial harmonics NG = 32. The singular-
point positions slowly evolve along the z axis, as seen
in Fig. 2. Each vortex line corresponding to a phase dis-
location bends slowly. As a rule, each dislocation is
neighbored by another dislocation with the opposite
topological charge [11]. In the context of work [8], this
means that the total angular momentum of the vortex–
antivortex pair is close to zero [7], while interference
with the counterpropagating waves forms a set of ran-
domly located helical interference patterns (Fig. 3) in
the same way as in the cases of interference of a single
optical vortex with the phase-conjugated counter-vor-
tex [8] or in a dusty plasma [16].

According to Eq. (4), the hypersonic-field structure
formed in the volume of the stimulated Mandelstam–
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Brillouin scattering mirror due to the interference of
counterpropagating waves [1] correlates with the radia-
tion-intensity distribution, i.e., has the form of a set of
randomly spaced pairs of counter-handed helices
(Fig. 3). In this case, despite the rotation of the pairs the
acoustic-wave velocity field turns out to be continuous
due to the presence of neighboring counter-rotating
vortex pairs [7].

The above analysis implies that an acoustic speckle
field formed by phase singularities also carries the
angular momentum, although acoustic waves are scalar
and would not have polarization. Indeed, the “spin
component” of the acoustic-field angular momentum
(Eq. (4)) is almost zero in this case. However, the
orbital angular momentum is noticeable. Owing to the
conservation of the angular momentum Lz = ±l� carried
by a pump photon, the Mandelstam–Brillouin scatter-
ing by an acoustic phonon is accompanied by the trans-
fer of the double orbital angular momentum Lac = 2l�.
As a result, the reflected phase-conjugated Stokes pho-
ton has the reversed orbital angular momentum Lz =

� [8]. This is taken into account by doubling the
argument of the phase factor exp[i2lφ] (topological

l+−

Fig. 2. Vortex–antivortex pair of an optical speckle field.
The interference of counterpropagating phase-conjugated
waves with phase singularities forms a pair of neighboring
double opposite-handed helices displaced along the z axis
by one-half of the wavelength λp, s ≈ 1 µm. The typical
transverse size is 〈D〉 ≈ 20–50 µm. The typical mean longi-
tudinal size before the pair annihilation is kp, s〈D〉2 ≈ 400–
2500 µm. Both double helices rotate in the same direction
with the acoustic frequency Ωac = ωp – ωs. The optical-helix
rotation is synchronized and has the high spatial correlation
with the hypersound helices. The rotation hand reverses
upon the sign reversal of Ωac. The right- and left-handed
helix turns move in the positive and negative z directions,
respectively. As a result, the right- and left-handed helices
act as “Archimedean screws” transferring the density per-
turbations in the opposite directions.
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charge) in Eq. (4) in comparison with the phase argu-
ment of the optical wavefunction.

The orbital angular momentum of an acoustic
phonon admits the clear physical interpretation. The
orbital angular momentum is due to the motion of the
medium around a phase singularity. The existence of
the acoustic angular momentum was recently proven
experimentally for megahertz ultrasonic waves excited
by a piezoelectric transducer array. Vortex structures in
the acoustic-velocity field were directly detected with a
hydrophone moved in the transverse plane [17]. In con-
trast to optical vortices [11], this measurement tech-
nique does not require the use of an additional reference
wave. The generation of helical (singular) acoustic
waves was also studied theoretically by the same
authors using the Khokhlov–Zabolotskaya–Kuznetsov
equation [18]

(7)

∂2Qac z r φ τ, , ,( )
∂z∂τ

-------------------------------------

=  ∆⊥Qac Cs z r φ, ,( )
∂2Qac

∂τ2
------------- µ

∂2Qac
2

∂τ2
-------------,+ +

where Cs(z, r, φ) is the speed of sound dependent on the
longitudinal coordinate and µ is the ratio of the Ray-
leigh (Fresnel) length kp, sD2/2 to the typical scale of the
shock formation. It was shown that the results of
numerical simulations are highly correlated with the
experimentally measured acoustic fields [19]. Both the
existence of single acoustic vortices and the vortex-pair
interaction were proven. The repulsion of singularities
with similar topological charges and the annihilation of
acoustic singularities with opposite gyrations were
observed in [20].

The presence of helical structures of radiation and
hypersound (and, thus, refractive index) with a step
equal to one-half of the optical wavelength λp, s intro-
duces significant corrections to the theory based on the
approximation of slowly varying amplitudes [1].
Indeed, the wave equation in the initially homogeneous
and isotropic dielectric allowing for electrostriction has
the form [1]

(8)

where P is the electric-polarization vector (the dipole
moment of unit volume), �0 is the permittivity of free
space, and E = Ep + Es is the total biharmonic field in
the medium at the frequencies ωp and ωs. The equation
for the pressure oscillations p(z, r, φ, t) ≈ Qac in the
acoustic wave excited by the striction force

(9)

where � is the relative permittivity of the medium and
ρ0 is the medium density in the absence of the field, is
written as

(10)

where vac = (∂p/∂ρ  is the speed of sound, (∂ρ/∂p)S is
the adiabatic compressibility of the medium, and Λ is
the sound damping. Even the initial nonparaxial equa-
tions of motion, Eqs. (8) and (10), show that the right-
hand side comprising the interference force |E |2
describes a set of chaotically spaced “Archimedean-
screw” pairs (Fig. 3) driving the rotation of the nonlin-
ear medium around the phase singularities and ensuring
the transfer of the orbital angular momentum from the
radiation to the matter. Noteworthy, each vortex–anti-
vortex pair also drives the matter in the opposite direc-
tions along the z axis (see Fig. 2).

In conclusion, the following fact should be noted. It
is known that the Mandelstam–Brillouin nonlinearity is
scalar since the acoustic pressure is modulated by the
light intensity (see Eq. (10)) in the case of the electros-
trictive mechanism of sound generation. Hence, the
polarization state of the Stokes light Es tends to copy
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Fig. 3. Randomly spaced vortex–antivortex pair set in the
volume of the stimulated Mandelstam–Brillouin scattering
mirror. The interference of counterpropagating phase-con-
jugated waves with phase singularities forms a randomly
spaced set of neighboring opposite-handed double helices.
The right- and left-handed double helices are shown by the
thick and thin curves, respectively. The typical scales are the
same as in Fig. 2, but the transverse sizes and hands of the
vortex lines vary smoothly along the z axis. Each element of
the set (right- or left-handed double helix) rotates synchro-
nously in one direction with the acoustic frequency. The
optical-helix rotation is synchronized and has a high spatial
correlation with the hypersonic helices.
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the polarization state of the pump wave Ep. As a result,
the field configuration copying the polarization state [1]
corresponds to the maximal growth rate [1] and the
“polarization-state conjugation” of an optical field is
achieved only using additional interferometric schemes
[21]. However, according to the above analysis, the
interference helical structures modulating the refractive
index induce anisotropy in an initially isotropic dielec-
tric [8]. In fact, the anisotropy of the medium and,
hence, the absence of symmetry with respect to rota-
tions, should result in the induced-birefringence
effects, i.e., variation in the polarization state of the
reflected wave Es in comparison with the pump wave Ep
even in the case of a perfect phase conjugation. The
relation between the polarization of light and its spatial
structure has been discussed for a long time in connec-
tion with the effects of photon spin–orbit interaction
[22]. The induced-birefringence effect has recently also
been studied for an ultracold-atom medium through
which radiation with nonzero orbital angular momen-
tum (e.g., a Laguerre–Gaussian laser beam) propagates
[23].
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